1. Introduction. The problem of the representation of a number by a quadratic form and of the equivalence of two such forms has been solved by Hasse [2, 3, 4, 5 J 1 for the case where the coefficient field is the field of p-adic numbers. In this paper we consider the problem more generally for forms over any field with a non-archimedean valuation subject to the restriction that the field is complete with respect to the valuation and that its residue-class field has characteristic not two. A complete solution is not obtained except under certain further restrictions described below, but the general problem is shown to be reducible to the case where the forms in question have unit coefficients, and to be equivalent to the corresponding problem previously studied by the author [l ] for forms over valuation rings. It is also shown that a form with unit coefficients represents zero if and only if the image form over the residue-class field represents zero, and similarly for the equivalence of two such forms.
and such that the inverse transformation exists and has all its coefficients in D'. When explicit mention of D' is omitted it will be understood to be the same as D. The order n of ƒ will be denoted by n(f).
It is easily shown [9, Theorem IS] that if D is a field the problem of the representation of a nonzero element by a form of order n is equivalent to the problem of the representation of zero by a form of order n+1. In view of this and since we shall be working for the most part with fields we shall consider only the latter problem.
We shall assume that all forms used are nonsingular. When we write f+g for the sum of two forms it will always be understood that ƒ and g have no variables in common.
In this paper we shall take D to be either a field K with a nonarchimedean valuation V which is complete with respect to this valuation and such that the characteristic of the residue-class field K is not two, or its valuation ring R. Thus we can assume all forms symmetric, that is, dij -a^ for all i and j, and each equivalent to some diagonal form [l, Theorem 1 ] . (For an exposition of the general theory of valuations see [6, chap. 2] or [8, chap. 10] .)
Use will often be made of Witt's cancellation theorem [9, Theorem 4] which says that if/, g and h are forms over a field of characteristic not two, then ƒ+£==ƒ+& implies g=h. This was extended by the author [l, Theorem 5] to forms over the valuation ring R.
The form (x\-x%) + {x\-x 2 À J r • • • +(#t-i -a*) will be denoted by ij*. Then H k =aH k over the field K for any nonzero a in K [9, p. 34] , and Witt showed that every zero form ƒ could be expressed as f=f*+Hk where f* is either vacuous or a nonzero form unique to within an equivalence [9, Theorem 5] . If f=H, we* shall call ƒ a totally zero form. We shall frequently omit the subscript on H when there is no ambiguity about its length.
3. Forms over fields with a valuation. We shall now suppose that the domain of coefficients of our forms and transformations is the field K. a will denote the homomorphic image in "K of the element a of R. DEFINITION Cancelling an H 2 n(o) from each side gives us the desired result. Con-
A similar argument disposes of the case #(ƒ) <w(g). LEMMA 2. If f = ]>jî a t -#J, a* iw X, w a zero form with Xï <W< ~0, which has no zero subform, then VaiC$ = Vajctf for all i and j.
PROOF. None of the ai can be zero since ƒ has no zero subform. Rearrange the terms of ƒ so that 
where Uj is the unit defined by bj = a i (^u Jy (iii) /or a gww a t -, a^b^for all j implies f'i=H n( f {) , and for a given b k , bk^aifor all I implies g k =H M g k) .
PROOF. Rearrange the terms of ƒ and g so that a t =&» (*«1 For fields 2£ in which it is possible to tell whether or not any two given elements are congruent, Theorems 1, 3 and 4 reduce the problem of the representation of a given element in K by a given form and of the equivalence of two forms to the case of unit forms. In an earlier paper [l, Theorem 4] we performed a similar reduction for forms over valuation rings. We shall now show that the two prob-lems are equivalent by proving (Theorem 5) that two unit forms are equivalent over the field K if and only if they are equivalent over the valuation ring R.
First we extend to forms over valuation rings some of the elementary properties of forms over general fields.
If ƒ and g are forms over R, then/^ will mean that ƒ is equivalent to g over R, while f=g will stand for equivalence over K. From this it follows that ƒ~g.
We shall now show how the equivalence of two unit forms and the representation of zero by a unit form are connected with corresponding problems for related forms over the residue-class field.
If ƒ is a form 23i ö <** over -&> then ƒ will stand for the form ]Qfö#? over the residue-class field ST. The problem of determining when a form represents zero and when two forms are equivalent was solved for the p-adic case by Hasse. He made extensive use of the Hubert norm residue symbol. We shall show that his results do not depend on having a p-adic field for a base but can be extended to any complete field with a discrete valuation whose residue-class field has characteristic not two, and having the property that the product of any two non-square units is a square and that ax 2 +by 2 = 1 has a solution whenever a and b are both units of R. An example of such a field is the one obtained by completing with respect to any one of its valuations the field of rational functions over a finite field of characteristic not two. From now on we shall assume that the valuation of K is discrete with the integers as the value group, t will denote an element whose value is one. LEMMA +5;y 2 = l has a solution in "R which obviously is not (0, 0). Hence by Theorem 7 ax 2 +by 2 = l has a solution in K. From Lemma 6 it follows that the product rule is valid in K.
The product rule (a, 6) (a, c) = (a, be) holds for all nonzero a, b and c in K if and only if the product of every two non-square units is a square and Va
We shall now assume that not only is the valuation of K discrete but also that the product rule holds in K. Under these two assumptions it is possible to obtain a complete set of criteria for the representation of zero by a given form and for the equivalence of two forms in terms of the Hasse invariants. The conditions are the same as those for forms over the £-adic numbers as given first by Hasse [2 and 3, Theorem 2] and recently in a more convenient form by Pall [7] . 
